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For a finite system A = {as +nSZ}’§:1 of arithmetic sequences the covering function is
w(z) =1 <s<k: z=as (modns)}|. Using equalities involving roots of unity we
characterize those systems with a fixed covering function w(z). From the characterization
we reveal some connections between a period ng of w(z) and the moduli nq,...,nx in such a
system A. Here are three central results: (a) For each r=0,1,...,nx/(no,ni)—1 there exists
a JC{l,...,k—1} such that Zsell/ns =r/ng. (b) if ni <+ <npy <ng—jp1=---=ny
(0 <1< k), then for any positive integer r < ni/ni—; with r # 0 (mod ni/(no,nx)),
the binomial coefficient (i) can be written as the sum of some (not necessarily distinct)

prime divisors of n. (c) max ez w(x) can be written in the form Zfszn ms/ns where
mi,...,m are positive integers.

1. Introduction

Let N={0,1,2,...} and Z* =N\ {0}={1,2,3,...}. For a€Z and n€Z* we
put
an)=a+nZ={...,a—2n,a —n,a,a+n,a+2n,...}

and call it an arithmetic sequence with modulus n. For a finite system

(1) A= {CLS(TLS)}I;:l
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of such sequences we define its covering function wa:Z—N by
(2) wa(r) =l <s<k: z€as(ng}|

(Cf. [7].) The function wy(x) is periodic modulo the least common multiple
[n1,...,nk] of ny,...,ng, also the smallest positive period of wy(z) divides
any period (including [ni,...,nx]) of wa(x). For a positive integer m, if
wa(z) = m (resp. wa(r) = m) for all z € Z then we say that (1) forms
an m-cover (resp. exact m-cover) (of Z). It is known that YF_ 1/n, >m
if (1) is an m-cover, and Y%_,1/n, =m if (1) is an exact m-cover. (See,

g. [13].) Usually one uses cover instead of 1-cover, and disjoint covering
system instead of exact 1-cover. By [18], for each m = 2,3,4,... there are
exact m-covers no subcover of which is an exact n-cover with 0 <n < m.
When the function w4(x) has a period ng relatively prime to some modulus
ny (1<t<k), for each x €Z there is a ¢ € Z such that a;+n,g=x (mod ng)
and hence w(x)=wa(a;+n¢q) >0, thus (1) forms a cover of Z.

Since P. Erdés ([3]) introduced the notion of cover in 1930’s, covers and
disjoint covering systems have been widely investigated by various mathe-
maticians. (Cf. R. K. Guy [5] and S. Porubsky and J. Schonheim [9].) Two
recent applications can be found in [4] and [17]. The most difficult problem
in this area is to describe those moduli nq,...,nx in a general m-cover (or
exact m-cover) (1).

Now we introduce some notations. For n€Z™* we set

(3) Rn)={zx€Z: 0<x<n},

and put

(4) D(n) = { prp : xp € N for any prime divisor p of n},
pln

in other words D(n) is the additive monoid generated by all the prime factors
of n. For a,b€Z by (a,b) we mean the greatest common divisor of a and b.
For a complex number z, as usual we let

1
<Z>:—| Il (z—j) form=0,1,2,... .
n

n: 0<j<n

(An empty product is taken to be the multiplicative identity 1.) For any «
in the field R of real numbers, we use [a] to denote the greatest integer not
exceeding a, also we let aZ={azx: r€Z} and e(a)=e*",
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In this paper we fix system (1) and set [1,k]={1,...,k}. For I C[1,k] we
put I =[1,k]\ I, and let [ns]sc; denote the least common multiple of those
ns with s €I, which is regarded as 1 if I=0.

Let

1

5 S(A) = —: JC[Lk;.
) () {Z; il 1}
If system A forms an exact m-cover or an m-cover, what can we say about
the set S(A)? This question is very challenging and somewhat mysterious,
though the author has made a series of investigations (see [12], [13], [14],
[15] and [16]). In this paper we aim to tell something about S(A) and the
moduli ny,...,n, according to a period of the function w4(x).

Now we introduce our main theorems whose proofs will be given later.

Theorem 1.1. Let ng€Z" be a period of wa(x).
(i) For IC{1<s<k: ng=n} where n€Z™, we have

(6) {Zi:Jgf}

sEJnS
I -1
;{i:reR(L)&("” )gmn)}.
n (ng,m) r
(i) If ny <+ <ng_y<ng_j41=---=ng (0<I<k), then for each positive

integer r <ny/ny_; either r=0 (mod ny/(ng,nx)) or (l) € D(ng).

In the case |I| =1, Theorem 1.1 (i) yields result (a) described in the
abstract.

Remark 1.1. Let (1) be an exact m-cover with ny <+ <ng_; <ng_j411=

~+=ng (0<l<k). In the case m =1, a result due to H. Davenport, L.
Mirsky, D. Newman and R. Radé asserts that [ > 1, in 1971 M. Newman
[6] confirmed a conjecture of S. Znam by proving that I >p where p is the
smallest prime divisor of n;. These can also be extended to exact m-covers.
(See Porubsky [8].) In 1991 the author [11] obtained a general result which
implies that [ >min;<s<p_;nx/(ns,nk), in 1995 Y. G. Chen and S. Porubsky
[2] showed that

—Z

(By the way, it should be mentioned that the key equality (3) in [2] first
appeared in [11].) It follows that [ € D(ng). By Theorem 1.1 (ii), actually
{(i) reZt & r<ng/nk_i1} CD(ng).

for some xq,...,xp_; € N.
TLk,TLs
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Theorem 1.2. Let I be a subset of [1,k] with (ns,n;)|as—ay for all s,tel.
Then

1

Z
[ns]sel

(7) {ﬁJrZi:an&JgI};

nslser) sy s
where ng € Z" is an arbitrary period of wa(x).

Remark 1.2. Theorem 1.2 in the case ws(z) = m was obtained by the
author [15] in 1997.

Theorem 1.3. Let w : Z — N be a function with period ng € Z*, and
{as(ns)}ser a finite nonempty system of arithmetic sequences with [{s€I:
z€as(ns)}| <w(x) for all x €Z. Then there are ag € R(ng) and ms€Z* for
s€ 1 such that

®) ao+no 0 = w(1) + -+ w(no),
sel '8
thus
(9) Z%: [w(l)—l—---—i—w(no)
sel s o

providing all the ngy with s€ 1 are prime to ny.

Remark 1.3. By Theorem 1.3, M(A) = maxzezwa(z) can be written in
the form Y% my/n with my,...,my €ZT.

In the next section we will characterize those systems with a fixed cov-
ering function, in Section 3 we mainly show Theorems 1.1-1.3.

Let us end this section with the following conjecture.
Conjecture. Suppose that (1) forms a cover but none of its proper subsys-
tems does. Then we have |S(A)|<ni+---+ny, also S(A) D {r/d: re R(d)}
whenever 1/de S(A).

2. Systems with a given covering function

In this section we employ roots of unity for our purposes.
Let I C[1,k]. For any c in the rational field Q, we set

(10) rd= 3 e<z a5“5>

n
zs€R(ns) for scr sel 5

s o/nac
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and
(11) Lid= Y (—1)"’6(2%)-
JCI seJ S
ZseJl/nS:C

(For convenience we think that the equation ) c4xs/ns=0 over N only has
the zero solution and so 0*[0]=0.[0]=1.)

Lemma 2.1. Let w:Z — N be a function with period ng € Z*. Put N =

[ng,n1,...,nk|. Then (1) has covering function w if and only if we have the
identity
: ] w(t)
(12) H (1 _ ZN/”SGQWias/ns) — H (1 _ ZN/n()eZMt/no) )
s=1 1—

Proof. Notice that all zeroes of either side are Nth roots of unity. For each
x €Z, e 2™/N is a zero of multiplicity wa(z) of the left hand side, and
a zero of multiplicity w(x) of the right hand side. So, by Viete’s theorem,
identity (12) holds if and only if wa=w. |

Theorem 2.1. Let w: Z — N be a function having period ng € Z". Let
IC[1,k] and v€Z. Then w is the covering function of (1) if and only if

(13) > (=1 <U>L[c—n] =3 (~1)_[aI* {C_ i}
n=0 n a=0 no
holds for all ce Q, where

(RN ATEDS ﬂ(”*wg—”l)e(M)_

n
vl,...,vnoeN t=1 0
vi+-+ung=a

Remark 2.1. Actually only finite sums are involved in (13).
Proof. Let N =[ng,n,...,n;]. For r€R with |r|<1, let

filr)=(1 - TN)” H (1 — TN/nse%rias/ns)

sel

and

f2(,r.) _ (1 _ TN)vf\I\ H

sel

17N
1 — pN/nsp2mias /ns

X ﬁ (1 — TN/no€27rit/no>w(t) .
t=1
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By Lemma 2.1, w is the covering function of (1) if and only if for all —1<r <1
we have

k i
H (1 — TN/"$e2maS/ns> - 1_0[ (1 - TN/"°62Mt/n0>w(t) , Le fi(r) = fa(r).
s=1 t=1

Observe that

CED e ( ) N (=DM (ZZ—z)rZSEJN/ns

n=0 JCI seJ

Seser(l) T (T
h=0 n>0 Jcri seJ ®
n+ZS€J 1/ns=h/N

=S (e[ -]

: TL>0

Since 1 —rN =[]/, (1 —7N/m0e2mit/m0)  we also have

= Nzs/ns 2miaszs /ns 1 N/ng 2mit/ng w(t)+o—|1]
o) =11 Z errinesine ) T (1 p¥imeeitie)

sel s=0 t=1

_ Z e<zas$s) N cps/ns

zs€R(n,) for ser " s€l s

no o w t) +v— ‘I‘ tuy Nui/no
X H Z(—l) ( o e(n—o)r ,

t=1v:20

that is,

0
h AsTs
= r e
IO VDS (X %)
h=0 a20 3 cR(n,) for ser sel
Zselms/nszh/Nfa/no

Z Ztl 1j<v+w |I|>e<%;tvt>

V1yeee3Ung EN
v1++ung=a

=L ger [y -1

X
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Thus, for (1) to have covering function w, it is necessary and sufficient that

v\-[h h a
1" I*{——n]: —1“[@[*{———}
S (1) [ -] - Sevrrr [ -
for every h € N. Clearly both sides of (13) vanish if ¢N € N, so the desired
result follows. |

Corollary 2.1. Let ng€Z™ be a period of wa(x). Let I be a subset of [1, k]
and c be a rational with denominator d. Suppose that I*[c—n/do] =0 for
every positive integer n where do=(no,[d, [ns]ser]). Then I.[c]=1I"[c].

Proof. Assume that a is a positive integer with I*[c —a/ng] # 0. Then
> ser s/ns=c—a/ng for some x5 € R(ns) (s€ 1), and hence [d, [n]scr] €Z.
Since dy can be written as noz+d, [ns]scr]y with z,y € Z, we have a/ng=n/dy
for some n€Z™'. This contradicts our supposition.

In view of the above and Theorem 2.1,

Lid =Y (1) (SL)L[C— n] = (—1)°7* [c— n%} ~ r'ld.
n=0

This ends the proof. |

Corollary 2.2. Let I C[1,k], m€Z" and v € Z. Then (1) forms an exact
m-cover if and only if for all ce Q) we have

15 S (-1e (n) Lie—n] = Y (-1 ( e '”)I*[c )

n=0 n=0

Proof. The constant function w :Z — N given by w(x) = m has period

no=1. For aeN clearly I_[a]= (”Jm:m). So the desired result follows from
Theorem 2.1. |

Remark 2.2. In the cases v=0 and v=|I|—m, (15) turns out to be

(16) Z(—D"(m_ m)ﬂc—n] = L[]

n=0 n
and
1\ |I|—-WL T o ok
(17) > (1) o Eele—nl =17
n=0

respectively.
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3. Proofs of Theorems 1.1-1.3

For I C[1,k] and c€Q we set

(18) I"(c) = {vector (xs)ser = xs € R(ng) for s € I, sez; Z—‘: = c}
and
(19)
L(c) = ’{J CI: Zjnis = c} = ’{(53>861—: ds €{0,1} & Zz—z = c}’
s€ sel

In this section we will get rid of roots of unity to obtain relations between
I*(c) and I.(c), and then give proofs of our theorems stated in the first
section.

Lemma 3.1. Let A\1,..., A\ be nth roots of unity and c,...,c; nonnegative
integers such that c;\1+ -+ cpApy=0. Then ¢1+---+cx € D(n).

Proof. Let a be any integer divisible by none of the prime divisors of n.
Then a is prime to n. Applying the automorphism o, of the cyclotomic field
Q(e2™/™) with oq(e2™/™)=e2™%/" we obtain that c;A\{+---+cxA¢=0. Thus
1+ +cx € D(n) by Lemma 9 of [14] (thanks to Chen’s ingenious idea
in [2]). |

Theorem 3.1. Let ng€Z™ be a period of wa(x) and I be a subset of [1,k].
Let r€Z and
(20)

S S 1
c:min{zx—:xSENforSGI,Zx—— T € ] )Z}
sel

sel s ser 't [slser (o, [ns

(i) If (ns,ne) |as —aq for all s,tel, then I (c)>1*(c)>0.
(ii) If I.(¢) =0 then I*(c) € D([ns)ser)-

Proof. The existence of ¢ follows from Proposition 2.2 of [15]. Note that
I*(¢) > 0. For n € Z" clearly I*(c —n/(ng,[ns]ser)) = 0 and hence I*[c —
n/(no, [nslser)]=0. By Corollary 2.1, I[c]=TI*[c].

i) When (ns,n:) |as—a; for all s,t€ I, by the Chinese Remainder Theorem
in general form (see Lemma 1 of [10]) there exists an integer a; congruent
to as mod ng for all s€ I, therefore

Tg y
I'ld = Z €< E al—n ) =e(arc)I*(c)
zs€R(ns) for ser  ~s€l s

ero/nac
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and hence I, (c) > |L[c]| = |I*[c]|=I*(c) > 0.

ii) As I.(c) = 0 we have I*[c] = L[c] = 0, so I*(c) € D([ng)ser) by
Lemma 3.1.

The proof is now complete. |

Proof of Theorem 1.1. i) As 0€ D(n) the case I =0 is trivial. Let I #0
and r € R(n/(ng,n)). It is well known in combinatorics that the equation
YscrTs = T has exactly (‘”t’n_l) solutions over N. (Cf. p.38 of [1].) By
Theorem 3.1 (ii), either I*(r/n) = (‘”t’n_l) € D(n) or Y ,c;1/ng=r/n for
some J C I. This proves part (i).

ii) Let r be an integer with 1<r <ny/ng_; and r Z0 (mod ng/(ng,nk)). If
1<j<k—lthen1/n;>1/ng_;>r/ny. So, for any J C[1,k] with >, ;1/ns=
r/ng, we have JC{k—I+1,...,k} and |J|=r. Since 0*[r/ng—n/(no,ni)| =0
for all n€N, applying Corollary 2.1 we find that

Zsejas) _ | —r ( &) _
O e D NG O 9 B
JC{k—I+1,...k} JC[1,k] seJ

[J|=r ZseJl/nS:r/nk

Thus, with the help of Lemma 3.1,

(i) =HJC{k—1+1,...,k}: |J| =71} € D(nyg).

This concludes the proof. |

Proof of Theorem 1.2. Let r be any integer and ¢ be as in (20). Then
c+a/(no,[ns|ser) =r/[ns|ser for some a € Z. By Theorem 3.1 (i), there is a
J C1I such that ), ;1/ns=c. So we have the desired result. |

Proof of Theorem 1.3. By adding some residue classes modulo N =
[no, [ns]ser] we can extend {as(ns)}ser to a system having covering func-
tion w(x). Without any loss of generality, we may suppose that I C [1,k]
and (1) has covering function w(z). Let ¢=3",.71/ns. Then I,[c] #0. Ap-
plying Theorem 2.1 with v =0 we find that I*[c—a/ng]#0 for some a € N.
So there are x5 € R(ns) for s€I such that c—a/ng=3,c;xs/ns. Note that

ko1 1o

c—i—zizz—:—Zw(t)

ser s s N0 IS
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where in the last step we calculate the degrees of both sides of (12). Write
a=ap+ngq where ag € R(ng) and ¢ €N. Then

T
RN O R LR Sk

o sel s sel '8

where those mg with s € [ are suitable positive integers. If all the ng with
se€I are prime to ng, then ng must divide Y>-}'°; w(t) —ag and hence

ms _ w(l)+---+wng) —ag  [w(l)+---+w(ng)
25, " no [ no ]

sel s

We are done. |
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